ABSTRACr The deformation free energy of a lipid bilayer is presented based on the principle of a continuum theory. For small deformations, the free energy consists of a layer-compression term, a splay-distortion term, and a surface-tension term, equivalent to the elastic free energy of a two-layer smectic liquid crystal with surface tension. Minimization of the free energy leads to a differential equation that, with boundary conditions, determines the elastic deformation of a bilayer membrane. When a dimeric gramicidin channel is formed in a membrane of thickness greater than the length of the channel, the membrane deformation reduces the stability of the channel. Previously this effect was studied by comparing the variation of channel lifetime with the surface tension of bilayers (Elliott, J. R., D. Needham, J. P. Dilger, and D. A. Hayden, 1983, Biochim. Biophys. Acta,. The tension was assumed to pull a dimer for a distance z before the channel loses ion conductivity. To account for the data, z was found to be 18 A. With the deformation free energy, the data can be accounted for with z < 1 A, which is consistent with the breaking of hydrogen bonds in a dimer dissociation. Increasing the strength of lipid-protein interactions is not the only consequence of the complete free energy compared with the previous discussions. It also changes the shape of membrane deformation around an embedded channel from convex to concave, and increases the range of deformation from <1O A to >20 A. Clearly these will be important factors in the general considerations of lipid-protein interactions and membranemediated interactions between proteins. In addition, thermal fluctuations of a membrane are calculated; in particular, we calculate the relations between the intrinsic thickness and the experimentally measured values. The experimental parameters of monoolein-squalene membranes are used for quantitative analyses.
INTRODUCTION
The elastic properties of lipid bilayer membranes that are regarded as continuous media have been studied in many different contexts. These studies ranged from local phenomena, such as lipid-protein interactions (Abney and Owicki, 1985 , and references cited therein), to the shape fluctuations (the flicker phenomenon) of whole cells (Brochard and Lennon, 1975) . During the last decade or so, ingenious techniques were developed to measure the basic elastic constants of membranes, such as the thickness compressibility, the surface tension coefficient, the lateral compressibility, and the curvature elastic modulus (Evans and Skalak, 1980; Hladky and Gruen, 1982; Lis et al., 1982; Needham and Haydon, 1983; Schneider et al., 1984; Engelhardt et al., 1985) . In this paper we will use the measured elastic constants to consider the deformation free energy of a membrane whose minimum-energy configuration is planar and whose circumferential boundary is fixed, like a black lipid membrane.
Recently this problem of deformation free energy was discussed in connection with the membrane thickness fluctuations Gruen, 1982, 1984) and with the effect of membrane thickness on the lifetime of gramicidin channel (Elliott et al., 1983) . Two types of deformations were considered in previous discussions, i.e., the change in thickness and the change in surface area, which respectively give rise to a compression term and a surface tension term in the free energy. Here we will discuss a more complete deformation free energy, including a term corresponding to the splay distortion in liquid crystals. The splay term is important-in fact, it dominates the free energyfor deformations of wavelength close to the membrane thickness. Therefore, it must be considered in the thickness effect of gramicidin channel lifetime and similar membrane-protein interactions. It will also be shown that the splay term controls the wrinkling fluctuations and the breathing-model type fluctuations proposed by Miller (1984) . Consequently both the thickness fluctuations and the surface expansion fluctuations are small.
For definitiveness, we will consider only homogeneous, solventless lipid bilayer membranes. (The structure, i.e., the molecular distribution, of a solvent-containing membrane has not been determined experimentally; see, for example, Gruen [1981] and Gruen and Hladky [1981] ). In Section II, we derive the deformation free energy. For deformations of wavelength longer than the layer thickness, the free energy consists of three terms, i.e., a layercompression term, a surface tension term and a splay term. Although each of these terms has been discussed before $1.00 (Kramer, 1971; Helfrich, 1973; Evans and Skalak, 1980; Gruen, 1982, 1984) , we feel that it is worthwhile to briefly go through the essential steps of deriving the deformation free energy from the principle of elasticity (Landau and Lifshitz, 1970 ) so as to ascertain that the terms kept are necessary and sufficient. Essentially, the free energy density is derived by expanding in powers of spatial derivatives of deformation displacements. The types of terms allowed in the free energy density are restricted by the symmetry of the system (Landau and Lifshitz, 1969, Chap. XIII) . Since the symmetry property of a lipid bilayer is similar to a smectic liquid crystal, and the elastic theory of liquid crystals has been thoroughly studied (de Gennes, 1974; Stephen and Straley, 1974) , the arguments used for liquid crystals can be used to restrict the form of the free energy for membrane. We then use the well studied glyceryl monooleate membranes with squalene as an example to compare the relative importance of individual terms in the free energy. For wavelength > 180 A, we found compression > tension > splay; for 50 A < wavelength < 180A, compression > slay > tension; and for wavelength <50 A, splay > compression > tension. (The thickness of the hydrocarbon core of a glyceryl monooleate/squalene bilayer is 25 A.) In Section III, we calculate the fluctuations in membrane thickness and surface area. (The key steps of the computations are given in the Appendix.) In particular we calculate the relations between the intrinsic thickness and the average thickness as determined by electrical capacitance or optical reflectance measurements. The discrepancy between the rootmean-square thickness (by reflectance) and the mean reciprocal thickness (by capacitance) is <1%.
In Section IV the thickness effect on gramicidin channel lifetime is discussed. When dimeric gramicidin channels are formed in membranes of thickness greater than the length of the channel, it was found that the measured channel lifetime decreases with the membrane thickness. It is reasonable to assume that a thick membrane deforms locally to accommodate a channel, and that the force resulting from the deformation reduces the stability of the dimeric formation. Elliott et al. (1983) assumed that the force is mainly the surface tension and the work done by the tension over an unknown distance z represents the reduction of the activation energy for the dimer dissociation. However, to account for the experimental data, z would have to be 18 A. That would imply that membrane tension pulls a dimer apart over a distance of 18 A before the dimer loses (or significantly changes) its ion conductivity. A more plausible explanation of the thickness effect is found by using the more complete free energy. We will show that the local deformations under consideration involve wavelengths close to the bilayer thickness, so that the deformation free energy is dominated by splay and compression. We find that, with the splay and compression terms, the data of Elliott et al. (1983) can be explained with z < 1 A. As a consequence, we are also able to determine the shape of the membrane deformation resulting from a channel formation; this is discussed in Section V. The experimental data for the parameters, except K,, are available for glyceryl monooleate membranes with squalene. The total thickness of the hydrocarbon core of a bilayer is 2a = 25.0 A (White, 1978; Dilger, 1981) . The compressibility coefficient B is 5.0 x 10-8 dynes A-2 (Hladky and Gruen [1982] obtained the value of B![2a] from the measurement of White [1978] ). The half-bilayer tension -y is 1.5 x 10-8 dynes A-' (Hladky and Gruen, 1982 ; see this reference's Appendix III).
DEFORMATION
The splay coefficient K, is related to the curvature elastic modulus Kc by Kc = 2aK, (Helfrich, 1973; Schneider et al., 1984) . Two sets of values have been reported for Kc of lecithin vesicles and red blood cells: a high Kc = 1-2 x 10-12 erg and a low Kc = 2-7 x I0o-3 erg (for the details see the following reference). Recenily Engelhardt et al. (1985) were able to explain this discrepancy and concluded that the lower values are the correct ones. Further, since the measured Kc is proportional to the total thickness of the vesicle wall, and since the number of bilayers forming the vesicle wall was uncertain, the authors suggested that the lower values of their measurements Kc -2.8-6.5 x I0-'3 erg are closer to the true value. Using 2a 30 A for lecithin bilayers (Buldt et al., 1978) , one obtains K, -10-6 dynes for membranes, same as in liquid crystals as mentioned above. In the following discussions we shall use this value for K,.
First we will compare the contributions of compression, splay, and tension to the deformation free energy as a function of wavelength. This is accomplished by comparing the magnitudes of the three terms in Eq. 11.9 with k = 2xr/X. The result is shown in Table I . Hladky and Gruen (1982) correctly argued that long-wavelength (X >> a) deformations are adequately described by compression and tension. They also pointed out that in deformations of wavelength close to the layer thickness, the crowding of the lipid chains may occur. The latter is now taken into account by the splay term. As long as a membrane can be regarded as a continuous medium, the mechanics of its small deformations can be described by the free energy (Eq. 11.7). Here, small deformations mean small gradients in u+ and u_; physically, this means that the membrane surfaces are not very much tilted from the x-y plane. This (Hladky and Gruen, 1982) . We note that the presence of the splay term greatly and show the results in Table II Miller [1984] ) would dominate the fluctuations. And the resulting mean increase in area would be three times the equilibrium value (Hladky and Gruen, 1982) . In reality, with the presence of the splay term, the integrals in Eq. 11I.9 are logarithmic: and the mean increase in area is only 6% of the equilibrium value (Table II) .
EFFECT OF BILAYER THICKNESS ON GRAMICIDIN CHANNEL LIFETIME
It is now well accepted that ion conduction mediated by gramicidin in bilayer membrane occurs by pore formation and the pores are dimers of the polypeptide, i.e., two single stranded ,B-helical polypeptides linked head-to-head (head formyl end) by six hydrogen bonds (Andersen, 1984; Hladky and Haydon, 1984; Urry, 1985) . The kinetics of the pore (channel) formation and its dependence on membrane structure have been a subject of interest since early seventies (see the review article by Hladky and Haydon, 1984) . Most experimental observations are consistent with the assumptions that the passage through the channels is the rate-limiting step for an ion crossing the membrane and that a dimeric channel loses its ion conductivity when it dissociates into monomeric units. Studies of the statistics of channel opening by conductance measurements showed that the dimeric channels and monomers are in thermal equilibrium Bamberg and Lauger, 1973; Zingsheim and Neher, 1974) kR G + G:;;=~G2, (IV.1) kD where G and G2 represent the gramicidin monomers and dimers, respectively. Studies of the temperature dependence of the mean channel duration yielded the activation energies of dissociation in the range of 70 to 80 kJ/mol, consistent with the notion that several hydrogen bonds have to be broken in the dissociation reaction Bamberg and Lauger, 1974) . Of the two rate constants, only the dissociation constant kD has been examined in a wide range of systems. To measure the rate constant of formation kR, one needs to know the membrane concentration of gramicidin. So far there is no simple and precise method of determining the concentration of gramicidin in membrane. On the other hand, kD is the reciprocal of the mean channel lifetime, which is readily measurable. Many investigations, using a variety of black lipid membranes, were conducted to study the relations between kD and the membrane thickness or the membrane tension or both of them (Elliott et al., 1983; Hladky and Haydon, 1972; Haydon and Hladky, 1972; Hendry et al., 1978; Kolb and Bamberg, 1977; Neher and Eibl, 1977; Rudnev et al., 1981) . Recently Elliott, Needham, Dilger, and Haydon (1983) proposed a theoretical model for these relations (the ENDH model). The basic idea of this model is as follows: When a dimeric gramicidin channel is formed in a membrane of thickness greater than the length of the channel, the membrane is presumably deformed locally to accommodate the channel. (The assumption that the hydrocarbon chains of lipids adapt to the thickness of the lipophilic core of a protein in the membrane has been used in other theories on protein-lipid interactions (Owicki et al., 1978; Owicki and McConnell, 1979; Mouritsen and Bloom, 1984) , but they were mainly interested in the thermodynamic phase behavior of the system and the consequence on protein distributions; they also used different methods to calculate the free energies.) Then the restoring force of the deformed membrane will reduce the stability of the dimer. The ENDH model is based on the assumption that the energy of deformation is primarily the work done against membrane surface tension. Consequently the activation energy for the dissociation of a dimer will contain a term proportional to the membrane tension. According to the principle of thermodynamics, the dissociation constant kD can be written in the following form kD =e6*IkBT (IV.2) where G * is the free energy of activation and v is a frequency factor relatively independent of temperature. As mentioned above, G * is presumably the energy required to break several hydrogen bonds linking two monomers. If the membrane tension is pulling against the hydrogen bonds, the activation energy is reduced by an amount -AG* =zQoycosO, (IV.3) where y is the half-bilayer tension, 0 the angle between the membrane surface, and the channel axis, Q0 = 27rro with ro being the radius of the gramicidin molecule, which is modeled as a cylinder. z is the distance over which the tension pulls before the dimer dissociates. If the model makes any sense at all, z should be of the order of 1 A or less (see below). Under this restriction, the measured values of membrane tension appeared to be at least one order of magnitude too small to account for the variation of kD with membrane tension. (In their report, ENDH used the measured values of kD and y to find z -18 A. This is to be compared with the lipophilic length of the channel -22 A and the bilayer thickness -22-28 A. They suggested the possibility that water transiently fills the gap between two parted monomers and that such water filling states maintain the channel conductivity. If this were true, it is hard to imagine that the equilibrium state would not be a distribution of channels with various degrees of water bridging. This would then be in contradiction with the exponential single-channel lifetime distribution so elegantly demonstrated by ENDH themselves and also with the reported activation energies of channel dissociation mentioned above.)
In the following we will see that the dimpling deformation taking place in a bilayer, in accommodating a channel shorter than its thickness, involves the entire range of wavelengths. Consequently, the work of deformation must include compression and splay. In fact it will be shown that the tension energy constitutes <5% of the work of deformation in this case. To proceed, consider a schematic illustration of the cross section of a bilayer with a channel embedded in the membrane as shown in Fig. 1 . We shall assume that the median plane is unperturbed and the deformation is symmetric with respect to this plane. In Eq. 11.4, let -u+ (x,y) = u (x,y) = u (x,y). Eq. IV.6, with given boundary conditions, determines the elastic deformation of a bilayer.
The solution of Eq. IV.6 can be obtained from the solutions of the equation:
(IV.8) Substituting Eq. IV.8 in Eq. IV.6, we obtain the value of a:
where 7 is defined as 7 = K,/fy and t is the length defined by Eq. 11.2. The black-lipid membranes used in ENDH's measurement are formed from monoacylglycerols (monoeicosenoin, monoolein, monoolein plus monopalmitolein, and monopalmitolein) dissolved in squalene. These bilayers contain very little squalene (White, 1978) and will be considered solvent-free, to apply the theory that has been developed in this study. Their tension coefficients y were measured to be in the range of 1 x 10-8 to 2.5 x 10-8 (IV.1O)
As a result, neglecting the tension term causes only a 3% error in a (Eq. IV.9). We conclude that in an elastic deformation governed by Eq. IV.8, the Fourier components of shorter wavelengths dominate the free energy. To the first-order approximation, the tension term is negligible compared with the compression and splay terms. For mathematical simplicity, we now calculate the thickness effect on gramicidin without including the tension term. With y = 0, the solution of Eq. IV.6 can be obtained from the solution of Eq. IV.8 with a = i/ia and the solution of Eq. IV.8 with a = -i/ia. Therefore the general solution of Eq. IV.6 (with y = 0) is f where (r, 0) are cylindrical coordinates of (x, y), J. and H(') are Bessel functions, and bern, bein, kei0, and kern are Thomson functions (Watson, 1966) .
We assume that the deformations under consideration are symmetric around the z-axis, or n = 0 in Eq. IV. 12, because the symmetric configuration has the lowest free energy. Also ber(r) and bei(r) are excluded from the solution because they are asymptotically divergent; whereas we have the boundary condition u = 0 as r , cc. Thus the membrane deformation induced by an embedded channel is described by (IV.13) where the indices zero are omitted by convention. The constants c and d are to be determined by the boundary conditions at r = ro, i.e., the values of u and (au/ar) at r = ro, where membrane meets the channel. The outside radius of the gramicidin channel, ro, can be estimated from molecular models to be approximately 10 A (Hendry et al., 1978) . The Thomson functions kei(x) and ker(x) are depicted in Fig. 2 (Nosova, 1961) .
Briefly the experimental results of ENDH are as follows. The mean lifetime of gramicidin channels in monoacylglycerol-squalene bilayers was found to increase as the bilayer thickness decreases from 28.5 to 21.7 A. Below 21.7 A, the lifetime was relatively constant. Therefore, it was assumed that the length of the lipophilic exterior of the channel is -21.7 A. (The total length of the gramicidin channel is -26 A [Urry, 1985] .)
We follow the idea of Eq. IV.3 that the membrane forces pull the two monomer units for a distance z before the dimer loses its ion conductivity. As mentioned above, we believe that z should be of order 1 A. But even for z = 1 A, one cannot assume that the membrane forces are constant during the entire process, particularly for the cases where the membranes are only a few angstroms thicker than the channel. Let 9 (uo) be the total deformation free energy when the membrane displacement at ro is uo. Instead of Eq. (Nosova, 1961) . A localized symmetric (around z) deformation of a membrane is described by a linear combination of kei(x) and ker(x).
IV.3, we have -AG* = 1(u0) - To calculate (uo), we substitute the solution of Eq.
IV. 13 into the free energy density (IV.5), integrate it over the plane of membrane, and make use of the identities Akei(r) = ker(r) and Aker(r) = -kei(r): (Watson, 1966) . As mentioned above, constants c and d are supposed to be determined by the boundary conditions at ro. However, the boundary condition for au/ar is unknown. Therefore we proceed as follows. We note that between 2a = 28.5 A (uo = 3.4 A) and 2a = 23.0 A (uo = 0.65 A), where data are available, the function I(ro/ (ta)'/2) varies only slightly, from 0.17 to 0.15, compared with the change in uo. Since 9(uO) (Eq. IV.17) should be proportional to u2 for small uo (the same reason that the free energy density is quadratic in u(x, y)), c and d must be both approximately proportional to uo: c = suO, d = tuo. (IV. 19) Between the condition u = uo at r = rO and Eq. IV. 15, we have (after substituting Eq. IV. 17 into Eq. IV. 15) two equations for constants s and t: 1 = s kei (ro/(la)'I2) + t ker (ro/(la)'1/2), (IV.20) T ( We note that the uo-dependence of Eq. IV.21 is essentially in the factor (uoz -z2/4). To account for the uodependence of r(uo) ( (1983) .
value for z is quite independent of the numerical values we used for the elastic constants K, and B. Such a result makes sense if z is indeed, as discussed above, an intrinsic property of the gramicidin dimer. In comparing Eq. IV.21 with experimental data, it should be noted that the factor (s2 + t2) is not a free parameter. Rather, s and t have to meet the stringent requirement of satisfying the pair of Eqs. IV.20 and IV.21 for every data point. For example, we let z = 1 A and solve for s and t between Eqs. IV.20 and IV.21 for every data point (Table III) . The agreement shown in Table III indicates that the theory is quite reasonable. Fig. 3 shows Eq. IV.21 with s = -3.9, t = -4.3 (the values of the middle point) and z = 1 A compared with experimental data. We see that the effect of bilayer thickness on gramicidin channel lifetime can be accounted for by the elastic theory of membrane.
THE SHAPE OF DEFORMATION
The geometry of membrane in the vicinity of a protein channel may be important to the function of the channel. For clarity, we plot the cross section of the bilayer that has the largest deformation (uo = 3.4 A) in Fig. 4 . It is interesting to note that near the channel the deformation is slightly concave rather than convex like Fig. 1 . This is a distinct feature of the fourth order (splay) term in Eq. IV.6. Theories keeping only the second-order terms (equivalent to K, = 0 in Eq. IV.6, e.g., Owicki and McConnell, 1979) always give a convex deformation like Fig. 1 , with a range of deformation about 2(ya/B)1/2 -7-10 A.
Remarkably, even though the slope (au/ar) at r = ro was not specified, the data and the theory require the slope to be nearly zero and the hydrocarbon chains neighboring a channel are essentially parallel to the channel. As a consequence, the surface tension at the contact is not even pulling in the direction of dissociation. Because of the concave-then-convex inflection, the range of deformation is very long, from r = 10 A to r -34 A, where the displacement is -0.1 uo (both the concave and convex regions are about [2ta] 1/2 i11 A). Such a large deformation is the cause of generating a force as large as 6 kBT per angstrom ( Fig. 3 and Eq. IV.15), or 2.5 x 1O-5 dynes. In comparison, if the surface tension were pulling in the direction of the channel axis, the force would be at most 2.5 x 10-8 dynes/A times 27r ro 0 1.6 x 10-6 dynes.
In conclusion, the gramicidin example demonstrates the importance of using the complete free energy for mem- 
The combination of Eqs. A6, A7, and A8 gives (D4) = 3 (D2 )2.
Consequently, we have Eq. 111.3.
